
5 mimarTebebi da dalageba

ganvixiloT saqarTvelos moqalaqeTa simravle A = {w |w saqarTvelos moqalaqea}. ra Tqma unda, am
simravleSi iseTi adamianebis qvesimravleebi iqneba, romlebic erTmaneTTan megobroben. Tu a, b ∈ A da a
megobrobs b-Tan, maSin b megobrobs a-Tan. imis aRsaniSnavad, rom a da b megobroben, SegviZlia davweroT:
(a, b). Tu CamovwerT yvela aseTi megobrebis wyvilebs, miviRebT raRaca simravles R = {(a, b) | a, b ∈ A, a
da b erTmaneTTan megobroben}. advili SesamCnevia, rom (a, b) ∈ R⇔ (b, a) ∈ R.
axla ki ganvixiloT igive simravle A da masze gansazRvruli mimarTeba R1 = {(a, b) | a, b ∈ A, b aris a-s

winapari}. cxadia, rom Tu (a, b) ∈ R1 ⇒ (b, a) /∈ R1.

Tu mocemulia nebismieri ori simravle A da B, maSin A×B = {(a, b) | a ∈ A, b ∈ B} A da B simravleebis
Ydekartuli namravliA ewodeba.

magaliTad, Tu A = {1, 2, 3, 4} da B = {a, b, c}, maSin

A×B = {(1, a), (1, b), (1, c), (2, a), (2, b), (2, c), (3, a), (3, b), (3, c), (4, a), (4, b), (4, c)}.

aRsaniSnavia, rom aq mniSvneloba aqvs elementebis Tanmimdevrobas: pirvel adgilzea A simravlis
elementi, xolo meoreze ki - B simravlisa.

cxadia, rom A×A simravlec A simravlis Tavis TavTan dekartuli namravlia.

magaliTad, TuA = {a1, a2, a3}, A×A = {(a1, a1), (a1, a2), (a1, a3), (a2, a1), (a2, a2), (a2, a3), (a3, a1), (a3, a2), (a3, a3)}.

savarjiSo 5.1: ganvixiloT Semdegi amocana: mocemulia n ∈ N. SeadgineT A×A, sadac A = {a1, a2, ..., an}.
ra aris am amocanis monacemi? ra unda iyos misi Sedegi? dawereT algoriTmi, romelic am amocanas

gadaWris.

Tu mocemulia raime simravle A, maSin R ⊂ A×A masze gansazRvruli mimarTeba ewodeba.
magaliTad, zemoT gansazRvruli R (megobrobis aRmniSvneli) da R1 (winaprebis aRmniSvneli) sim-

ravleebi Sesabamisi A simravlis sxvadasxva damokidebulebebis ganmsazRvrelia.

or sxvadasxva simravleze gansazRvruli mimarTebis magaliTiad SegviZlia moviyvanoT saqarTvelos
regionebisa da qalaqebis simravleebi:
A = {qarTli, kaxeTi, raWa, imereTi, samegrelo} da B = {ozurgeTi, oni, foTi, agara, zugdidi, vani,

Telavi, gurjaani, quTaisi}.
miarTeba, romelic TiToeul regions masSi arsebul qalaqs daukavSirebs, iqneba:

R2 = { (qarTli, agara), (kaxeTi, Telavi), (kaxeTi, gurjaani), (raWa, oni), (imereTi, vani),
(imereTi, quTaisi), (samegrelo, foTi), (samegrelo, zugdidi) }.

amrigad, gvaqvs Semdegi gansazRvreba:

nebismieri A da B simravlisaTvis R ⊂ A × B am simravleze gansazRvruli mimarTebaa (araa gamo-
ricxuli, rom A = B).

• Tu ∀a1, a2 ∈ A, a1 6= a2, (a1, a2) ∈ R an (a2, a1) ∈ R, maSin R mimarTebas sruli ewodeba;

• Tu ∀a ∈ A, (a, a) ∈ R ⊂ A×A, maSin R mimarTebas refleqsuri ewodeba;

• Tu ∀a1, a2 ∈ A, a1 6= a2, (a1, a2) ∈ R⇔ (a2, a1) ∈ R, maSin R mimarTebas simetriuli ewodeba;

• Tu ∀a1, a2 ∈ A, a1 6= a2, (a1, a2) ∈ R⇒ (a2, a1) /∈ R, maSin R mimarTebas antisimetriuli ewodeba;

• Tu ∀a1, a2, a3 ∈ A, a1 6= a2, a3 6= a2, ( (a1, a2) ∈ R, (a2, a3) ∈ R ) ⇒ (a1, a3) ∈ R, maSin R mimarTebas
tranzituli ewodeba.
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magaliTad, zemoT gansazRvruli R (megobrobis aRmniSvneli) mimarTeba simetriulia, magram ar aris
sruli, radgan SeiZleba moiZebnos ori iseTi adamiani a, b ∈ A, romelic erTmaneTTan ar megobrobs da
amitom (a, b) /∈ R.
meore mimarTeba R1 (winaprebis ganmsazRvreli) tranzitulia: Tu a-s winaparia b ((a, b) ∈ R1) da b-s

winaparia c ((b, c) ∈ R1), a-s winaparia c anu (a, c) ∈ R1.
mesame mimarTeba R2 antisimetriuli da arasrulia: R2 ar Seicavs arc erT wyvils, romelSic Sedis

ozurgeTi.

savarjiSo 5.2: daamtkiceT, rom mimarTeba R3 ⊂ N× N, R3 = {(a, b)|a ≤ b} refleqsuri da srulia.

savarjiSo 5.3: dawereT, risi tolia Semdegi simravleebi:

(a) {1} × {1, 2} × {1, 2, 3};

(b) ∅ × {1, 2, 3};

(g) 2{1,2}, rac aris {1, 2} simravlis yvela SesaZlo qvesimravlis simravle;

(d) 2{1,2} × {1, 2}.

TvalsaCinoebisaTvis patara simravleebze mimarTebebi grafikulad SeiZleba gamovsaxoT: Tu A sim-
ravleze gansazRvrulia raime mimarTeba R da (a, b) ∈ R, maSin a da b elementebi gamoisaxeba rgolebad,
xolo (a, b) ∈ R ki a elementidan b elementSi mimarTuli isriT (nax. 27 (a)). Tu (b, b) ∈ R, es grafikulad
b elementis Sesabamisi rgolidan gamomavali da igive rgolSi Semavali isriT gamoixateba (nax. 27 (b)).
Tu A = {a, b, c, d, e}, maSin R = {(a, a), (a, b), (b, b), (b, a)(c, a), (c, d), (d, e), (e, b), (e, c), (e, d)} ise SeiZleba war-

movadginoT, rogorc nax. 27 (g)) -Si.

nax. 27: mimarTebaTa grafikuli warmodgena

refleqsur, simetriul da tranzitul mimarTebas Ytolobis mimarTebaA an Yeqvivalenturobis mimar-
TebaA ewodeba.
magaliTad, Tu mocemulia msoflios xalxTa simravle A, maSin R′ = {(a, b)|a da b erTi erovnebis arian}

eqvivalenturobis mimarTebaa, radgan igi refleqsuri, simetriuli da tranzitulia.

savarjiSo 5.4: daamtkiceT, rom zemoT moyvanili mimarTeba R′ marTlac refleqsuri, simetriuli da
tranzitulia.

eqvivalenturobis mimarTeba simravles e.w. Yeqvivalenturobis klasebadA hyofs, anu iseT qvesim-
ravleebad, sadac erTmaneTis eqvivalenturi (anu garkveuli TvalsazrisiT msgavsi) elementebi Sedis.
sxva sityvebiT rom vTqvaT, Tu raime A 6= ∅ simravleze gansazRvrulia eqvivalenturobis mimarTeba
R, igi gansazRvravs A simravlis iseT qvesimravleebs B ⊂ A, rom B = {a, b ∈ A | (a, b) ∈ R} (am qvesim-
ravleebSi mxolod iseTi elementebi Sedis, romlebic R mimarTebis gansazRvrebiT erTmaneTis Yeqviva-
lenturiaA).
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magaliTad, Tu mocemulia mimarTeba R = {(a, b)| a da b orive luwia an a da b orive kentia}, igi natura-
lur ricxvTa N simravleSi or qvesimravles gamohyofs - luw da kent ricxvTa qvesimravleebs (klasebs):
N1 = {ai|(ak, al) ∈ R da orive luwia}, N2 = {ai|(ak, al) ∈ R da orive kentia}

Tu mocemulia A = {0, 1, 2, 3, 4, 5, 6, 7}, maSin mimarTeba R = {(a, b) ∈ A × A | a da b orive luwia an a da b
orive kentia} grafikulad Semdegnairad SeiZleba gamoisaxos:

nax. 28: simravlis or damoukidebel klasad dayofis magaliTi

advili dasanaxia, rom R mimarTeba A simravleSi or damoukidebel klass (qvesimravles) gamohyofs.

aRsaniSnavia, rom es erTmaneTis eqvivalenturi anu toli elementebi mocemuli mimarTebiTaa gan-
sazRvruli. sxva mimarTebas SeiZleba sxva eqvivalenturi elementebi gamoeyo. amis magaliTia igive A
simravleze gansazRvruli R′ = {(a, b) | a da b orive iyofa 3-ze an a da b orive ar iyofa 3-ze}.

savarjiSo 5.5: grafikulad gamoxateT bolos mocemuli mimarTeba R′ ise, rogorc es wina magaliTSi
moxda.

raime A simravlis eqvivalenturobis klasebi Semdegnairad aRiniSneba: [a] = {b | (a, b) ∈ R}, sadac R
aris A simravlis eqvivalenturobis mimarTeba.
magaliTad, Tu A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} da R′ = {(a, b) | a da b orive iyofa 3-ze an a da b orive ar iyofa

3-ze}, [6] = {0, 3, 6, 9} da [2] = {1, 2, 4, 5, 7, 8}.

savarjiSo 5.6: moiyvaneT naturalur ricxvTa simravleze gansazRvruli eqvivalenturobis mimarTebis

magaliTi, romelic sam qvesimravles gamohyofs. TiToeul aseT klasSi erTmaneTis eqvivalenturi el-
ementebia.

axla ki ganvixiloT ori naturaluri ricxvi, romelic aTobiT anbanSia Cawerili: 307 da 509. Cven
viciT, rom 307 < 509. am ori ricxvis aseTi mimarTeba sadRac unda iyos gansazRvruli (analogiurad
Cven SegveZlo gangvesazRvra 509 < 307. Cven viciT, rom 0 < 1 < 2 < 3 < 4 < 5 < 6 < 7 < 8 < 9. magram am
cifrebis aseTi mimarTeba cxadi araa, esec viRacis mieraa dadgenili da Semdeg sayovelTaod miRebuli.
amrigad, gvaqvs Semdegi mimarTeba A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} simravleze:

R = {
(0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (0, 7), (0, 8), (0, 9)
(1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (1, 7), (1, 8), (1, 9)
(2, 3), (2, 4), (2, 5), (2, 6), (2, 7), (2, 8), (2, 9)
(3, 4), (3, 5), (3, 6), (3, 7), (3, 8), (3, 9)
(4, 5), (4, 6), (4, 7), (4, 8), (4, 9)
(5, 6), (5, 7), (5, 8), (5, 9)
(6, 7), (6, 8), (6, 9)
(7, 8), (7, 9)
(8, 9)

}

es mimarTeba e.w. YdalagebasA gansazRvravs, anu gvaZlevs imis wess, Tu rogor SeiZleba davalagoT
simravlis elementebi zrdadobis mixedviT.

ganmarteba 5.1: srul, antisimetriul da tranzitul mimarTebas dalageba ewodeba. arasrul, anti-
simetriul da tranzitul mimarTebas nawilobrivi dalageba ewodeba.
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savarjiSo 5.7: daamtkiceT, rom bolos moyvanili mimarTeba R dalagebaa.

savarjiSo 5.8: moiyvaneT zemoT gansazRvrul A simravleze nawilobrivi dalagebis magaliTi.

Tu (a, b) ∈ R da R dalagebaa, maSin vwerT: a < b.

Tu gvaqvs mocemuli dalageba zemoT moyvanil anbanze A, advilad SeiZleba A∗ simravlis sityvebis
dalagebac Semdegi algoriTmiT:

algoriTmi C(w, v)

mocemulia: w = (w1, w2, ..., wn), v = (v1, v2, ..., vm) ∈ A∗

• Tu |w| = |v| = 0, maSin w = v da algoriTmi daasrule.

• Tu w(1) < v(1), maSin (w, v) ∈ R (an, rac igivea, w < v) da algoriTmi daasrule.

• Tu v(1) < w(1), maSin (v, w) ∈ R (an, rac igivea, v < w) da algoriTmi daasrule.

• Caatare C(w{|w| − 1}, v{|v| − 1}) (igive algoriTmi w da v sityvebis sufiqsebisaTvis).

aucileblad gasaTvaliscinebelia, rom ε < a, ∀a 6= ε ∈ A.

savarjiSo 5.9: sityvierad axseniT, Tu ras niSnavs zeda algoriTmSi moyvanili maTematikuri Canawerebi

YTu w(|w|) < v(|v|), maSin...A da YC(w{|w| − 1}, v{|v| − 1})A.

savarjiSo 5.10: daamtkiceT am algoriTmis siswore. gamoiTvaleT misi bijebis raodenoba, Tu |w| = |v|
da Semdeg Tu |w| 6= |v|.

savarjiSo 5.11: dawereT, Tu risi tolia zemoT moyvanil A simravleze gansazRvruli dalagebis sim-
ravle, romlis mixedviTac 1 ≤ 3 ≤ 2 ≤ 5 ≤ 8 ≤ 4 ≤ 0 ≤ 9 ≤ 7 ≤ 6.

savarjiSo 5.12: moiyvaneT A simravleze gansazRvruli ori sxvadasxva nawilobrivi dalagebis maga-

liTi. aris Tu ara R = ∅ am simravlis nawilobrivi dalageba?

savarjiSo 5.13: daamtkiceT, rom Tu R1 da R2 raRaca simravleze gansazRvruli nawilobrivi dalagebe-
bia, maSin R1 ∩R2 igive simravleze gansazRvruli nawilobrivi dalagebaa.

savarjiSo 5.14: mocemulia nebismieri simravle S, romelic Tavis mxriv raRaca simravleebisagan Sedgeba.

daamtkiceT, rom RS = {(A,B) |A,B ∈ S,A ⊆ B} nawilobrivi dalagebaa.

savarjiSo 5.15: davuSvaT, S = 2{1,2,3}, rac aris {1, 2, 3} simravlis yvela SesaZlo qvesimravlis simravle.
amowereT am simravlis yvela elementi da diagramis saxiT gamosaxeT wina savarjiSoSi gansazRvruli
mimarTeba RS , romelic am simravlezea gansazRvruli. calke amowereT S simravlis minimaluri ele-
mentebi, anu iseTi elementebi ai, romelTaTvisac (ai, b) ∈ RS , ∀b ∈ S.

savarjiSo 5.16: rogor ganisazRvreba nebismieri A simravlis raRaca R dalagebis Sedegad miRebuli

maqsimaluri elementebi?

dalageba da nawilobrivi dalageba centralur rols TamaSobs informatikaSi, radgan amocanaTa
udidesi nawili monacemTa raRaca wesis mixedviT dalagebis Sedegad sakmaod martivdeba.

amis magaliTia qarTul anbanze Q Semotanili dalageba a < b < g < d < · · · < j < h. Tu Cven amis sa-
fuZvelze qarTul sityvebsac davalagebT (anu SemovitanT dalagebis wess Q∗ simravleze), qarTul
leqsikonSi raime mocemuli w sityvis moZebna gaadvildeba: leqsikons gadavSliT SuaSi da amovikiTx-
avT pirvelive sityvas v. Tu w = v, sityva moZebnilia. Tu Cveni saZebni sityva am sityvis winaa (anu
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w < v), maSin igive operacias gavimeorebT leqsikonis pirvel naxevarSi (Tu v < w, viRebT meore nawils):
gadavSliT am nawilis SuaSi da analogiur proceduras gavimeorebT.

savarjiSo 5.17: dawereT algoriTmi, romelic qarTul anbanze gansazRvruli ori sityvisaTvis w da v
gansazRvravs, w = v Tu w < v Tu v < w.
SeniSvna: es algoriTmi aTobiTSi Cawerili ricxvebis Sedarebis algoriTmis msgavsia.

savarjiSo 5.18: daamtkiceT wina savarjiSoSi moyvanili algoriTmis siswore da gamoiTvaleT misi bi-

jebis raodenoba, Tu |w| = n da |v| = m.

zogadad, Tu mocemulia raime A anbani da S = {u1, u2, ..., un ∈ A∗} sityvaTa dalagebuli simravle,
mocemuli w sityvis moZebna am simravleSi SeiZleba Semdegi algoriTmiT:

algoriTmi L(S,w)

mocemulia: S = {u1, u2, ..., un ∈ A∗} sityvaTa simravle da raRaca sityva w.

Sedegi: vipovnoT iseTi ui ∈ S, rom ui = w.

• Tu S = ∅, maSin dabeWde: Ysityva simravleSi ar moiZebnaA da algoriTmi daasrule.

• Tu ub |S|
2 c

= w, maSin dabeWde: Yi-uri elementia wA da algoriTmi daasrule.

• ub |S|
2 c

< w, maSin Caatare L({ub |S|
2 c+1

, ..., un}, w).

• ub |S|
2 c

> w, maSin Caatare L({ub |S|
2 c
, ..., u1}, w).

savarjiSo 5.19: induqciis gamoyenebiT daamtkiceT am algoriTmis siswore. gamoiTvaleT misi bijebis

raodenoba, Tu |S| = n.

axla ki ganvixiloT nax. 29 (a) -Si moyvanili mimarTeba. advili saCvenebelia, rom igi arc refleqsuri
da arc tranzitulia.

savarjiSo 5.20: aCveneT, rom nax. 29 (a) -Si moyvanili mimarTeba arc refleqsuri da arc tranzitulia.

nax. 29: mimarTebis refleqsuri da tranzituli Caketva

am mimarTebis simravlisaTvis ramodenime axali wyvilis (an grafikulad isris) CamatebiT SeiZleba
miviRoT tranzituli mimarTeba (nax. 29 (b). damatebiT yvela a elementisaTvis (a, a) wyvilis damatebiT
ki es mimarTeba refleqsuric xdeba (nax. 29 (g)).
analogiuri procedura - damatebiTi wyvilebiT gafarToveba ise, rom nebismieri mimarTeba tranzi-

tuli da refleqsuri gaxdes, SeiZleba nebismier mimarTebaze CavataroT. miRebul mimarTebas sawyisi
mimarTebis refleqsuri da tranzituli Caketva ewodeba.

ganmarteba 5.2: nebismieri R mimarTebis tranzituli da refleqsuri Caketva R∗ ewodeba iseT refleqsur
da tranzitul mimarTebas, romlisTvisac R ⊂ R∗ da R∗ simravlis elementebis raodenoba minimaluria
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im simravleebis elementebis raodenobaTa Soris, romlebic R mimarTebas qvesimravled Seicaven, anu
R∗ simravle R simravlidan rac SeiZleba cota wyvilis damatebiT unda miiRebodes.

savarjiSo 5.21: dawereT algoriTmi, romelic nebismieri A sasruli simravlis raime R mimarTebisaTvis

mis refleqsur da tranzitul Caketvas gamoiangariSebs (anu Seadgens Sesabamis simravles). daamtkiceT
misi siswore da gamoiangariSeT bijebis raodenoba, Tu |A| = n.
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