
3 maTematikuri induqcia da misi gamoyeneba

3.1 maTematikuri induqcia

ganvixiloT kent ricxvTa mimdevroba:

a1 = 1, a2 = 3, a3 = 5, a4 = 7, ...
cxadia, rom am mimdevrobis nebismieri wevri Semdegnairad Caiwereba: ai = 2·i−1. axla ki gamoviangariSoT
am mimdevrobis pirveli n wevris jami:

Sn = a1 + a2 + a3 + · · ·+ an.

aRsaniSnavia, rom pirveli n kenti ricxvis jami rekursiulad Semdegnairad Caiwereba:

Sn = Sn−1 + an

(pirveli n− 1 kenti ricxvis jams mimatebuli me-n-e kenti ricxvi).

savarjiSo 3.1: rekursiulad CawereT Sn+1, Sn−1, Sn−2 da Sn−3.

pirvel rigSi ganvixiloT ramodenime konkretuli magaliTi:

S1 = a1 = 1
S2 = a1 + a2 = 4
S3 = a1 + a2 + a3 = 9
S4 = a1 + a2 + a3 + a4 = 16
S5 = a1 + a2 + a3 + a4 + a5 = 25
· · ·

Tu am cxrilis marjvena mxares davakvirdebiT, davinaxavT, rom iq naturaluri ricxvebis kvadratebi
weria: S1 = 12, S2 = 22, S3 = 32, S4 = 42, S5 = 52.
es gvawvdis pirvel mosazrebas imis Sesaxeb, Tu risi toli SeiZleba iyos zogadad pirveli n kenti
ricxvis jami: Si = i2.
magram es mxolod mosazrebaa, romelsac damtkiceba sWirdeba. es mosazreba TviT milioni magaliTis
gadamowmebiT ver damtkicdeba: milion meerTe magaliTi SeiZleba am mosazrebas ar akmayofilebdes.
ase rom, saWiroa raRaca zogadi meTodi, romliTac aseT rameebs davamtkicebT.
swored aseTi zogadi meTodia e.w. maTematikuri induqciis meTodi, romelic Semdegi sami bijisagan
Sedgeba:

1. induqciis Semowmeba: gadavamowmoT mosazreba n = 1 SemTxvevisaTvis;

2. induqciis daSveba: davuSvaT, rom mosazreba WeSmaritia ∀k = 1, 2, ..., n;

3. induqciis biji: davamtkicoT mosazreba n+ 1-Tvis.

am sami bijis Sesrulebisas Semdegs mivaRwevT: Tu mosazreba WeSmaritia n = 1-Tvis, me-2-e bijSi CavsvavT
n = 1. Tu mosazreba WeSmaritia agreTve n+1-Tvis (mesame punqti), igi WeSmaritia 2-Tvis. ese igi, SeiZleba
meore punqtSi CavsvaT n = 2 da, mesame punqtidan gamomdinare, mosazreba WeSmaritia n + 1 = 2 + 1 = 3
-Tvis. analogiuri msjelobiT davamtkicebT Wesmaritebas n = 4, n = 5, n = 6... SemTxvevebSi, riTac es
mosazreba nebismieri naturaluri n -Tvis WeSmariti iqneba.

Cvens zemoT moyvanil magaliTSi es ase iqneba:

1. induqciis Semowmeba: n = 1: S1 = 12 = 1;

21



2. induqciis daSveba: davuSvaT, rom Sn = n2;

3. induqciis biji: davamtkicoT Sn+1 = (n+ 1)2.
rekursiuli formulis Tanaxmad, Sn+1 = Sn + an+1 = Sn + 2 · (n+ 1)− 1 = Sn + 2 · n+ 1.
induqciis daSvebis Tanaxmad Sn = n2 da zeda formulaSi CasmiT viRebT: Sn+1 = n2 +2 ·n+1 = (n+1)2.
mosazreba damtkicebulia.

rodesac rekursiuli formula Caiwereba ararekursiuli saxiT (anu formulaSi mxolod cvladebi da
mudmivebi gvxvdeba), amboben, rom rekursia gaiSala da formula Caiwera ararekursiuli saxiT.

zemoT aRwerili principiT davamtkicoT kidev erTi maTematikuri mosazreba:

rekursiuli tolobiT mocemulia mimdevroba S1 = 1, Sn = Sn−1 + n. daamtkiceT, rom Sn = n·(n+1)
2 .

1. induqciis Semowmeba: n = 1: S1 = 1·(1+1)
2 = 1;

2. induqciis daSveba: Sn = n·(n+1)
2 ;

3. induqciis biji: davamtkicoT Sn+1 = (n+1)·(n+2)
2 ..

radgan Sn+1 = Sn+(n+1), amitom, induqciis daSvebis Tanaxmad, Sn+1 = n·(n+1)
2 +(n+1) = (n+1)(n2 +1) =

(n+1)·(n+2)
2 .

savarjiSo 3.2: maTematikuri induqciis gamoyenebiT daamtkiceT, rom nebismieri kenti ricxvi Semdegi
formuliT Caiwereba: ai = 2 · i− 1.

savarjiSo 3.3: mocemulia rekursiuli toloba S1 = 3, Sn = Sn−1+n. gaxseniT rekursia (toloba CawereT
ararekursiuli saxiT).

savarjiSo 3.4: mocemulia rekursiuli toloba K1 = 7, Kn = Kn−1 + 2n. gaxseniT rekursia (toloba
CawereT ararekursiuli saxiT).

savarjiSo 3.5: mocemulia rekursiuli toloba P1 = 1, Pn = Pn−1 + 2n. gaxseniT rekursia (toloba
CawereT ararekursiuli saxiT).

savarjiSo 3.6: mocemulia rekursiuli toloba L1 = 7, Ln = 2 ·Ln−1. gaxseniT rekursia (toloba CawereT
ararekursiuli saxiT).

3.2 maTematikuri induqciis gamoyeneba

ganvixiloT wina TavSi moyvanili navebis algoriTmis rekursiuli Canaweri An = A1, U,An. maTematikuri
induqciiT SeiZleba misi sisworis mtkiceba:

• induqciis dasawyisi: A1 algoriTmi sworia (amis gadamowmeba advilia);

• induqciis daSveba: davuSvaT, An algoriTmi sworia raRaca n naturaluri ricxvisaTvis (da masze
patara yvela ricxvisaTvis);

• induqciis biji: davamtkicoT, rom An+1 = A1, U,An sworia.

Tu davamtkicebT, rom An+1 algoriTmi sworia da gvecodineba, rom A1 sworia, maSin davuSvebT, rom
n = 1 da amiT damtkicdeba, rom An+1 = A2 sworia. Tu A2 sworia da davamtkicebT, rom An+1 sworia,
damtkicdeba, rom A3 sworia da a.S. nebismieri naturaluri ricxvisaTvis.

axla ki davamtkicoT An+1 = A1, U,An algoriTmis siswore: A1, U algoriTmebis Sesrulebis Semdeg
warmoiSveba zustad iseTive situacia, rogorc n navis gayvanis amocanaSi. xolo induqciis daSvebis
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Tanaxmad An algoriTmi n navis gayvanis amocanas sworad xsnis. ase rom, A1, U,An n + 1 navis gayvanis
amocanas sworad xsnis.

Q.E.D.

savarjiSo 3.7: sworad amoxsnis Tu ara Semdegi algoriTmi An = An−1, U,A1 n navis gayvanis amocanas?

algoriTmis sisworis mtkicebis Semdeg saWiroa misi siswrafis, anu bijebis raodenobis dadgena. A
algoriTmis bijebis raodenobas Semdegnairad aRniSnaven: T (A). Cvens SemTxvevaSi gveqneba T (An).
radgan jer unda SevasruloT algoriTmi A1, amis Semdeg algoriTmi U da bolos algoriTmi An−1,
maSin An algoriTmis bijebis raodenoba iqneba: T (An) = T (A1) + T (U) + T (An−1) (jer imdeni, ramdenic
saWiroa A1 algoriTmisaTvis, Semdeg imdeni, ramdenic saWiroa U algoriTmisaTvis da bolos imdeni,
ramdenic saWiroa An−1 algoriTmisaTvis).
es formulac Cawerilia rekursiuli saxiT, radgan igi Tavis Tavs iyenebs, mxolod ufro dabali parame-
trebiT. magram misi Cawera ararekursiuli saxiTac SeiZleba:

Cven viciT, rom T (A1) = 3 da T (U) = 1 (Sesabamisi algoriTmebis gadamowmebiT amaSi advilad vrw-
mundebiT). aqedan gamomdinare, viRebT:

T (An) = T (An−1) + 4.

Tavis mxriv, T (An−1) = T (An−2) + 4, T (An−2) = T (An−3) + 4 ...

aqedan gamomdinare,

T (An) = T (An−1) + 1 · 4 = T (An−2) + 2 · 4 = T (An−3) + 3 · 4 = · · · = T (A1) + (n− 1) · 4 = 3 + (n− 1) · 4 = 4 · n− 1.

savarjiSo 3.8: daamtkiceT, rom amaze ufro swrafi algoriTmi ver iarsebebs.

analogiurad SeiZleba hanois koSkebis HX1,X2
n algoriTmis sisworis mtkiceba da bijebis raodenobis

gamoTvla:

HX1,X2
n = HX1,X3

n−1 , HX1,X2
1 , HX3,X2

n−1 .

• induqciis dasawyisi: HX1,X2
1 algoriTmi sworia (amis gadamowmeba advilia);

• induqciis daSveba: davuSvaT, HX1,X2
n algoriTmi sworia raRaca n naturaluri ricxvisaTvis (da

masze patara yvela ricxvisaTvis);

• induqciis biji: davamtkicoT, rom HX1,X2
n+1 = HX1,X3

n , HX1,X2
1 , HX3,X2

n . sworia.

pirvel rigSi HX1,X3
n algoriTmiT X1 Zelidan zeda n rgoli X3 Zelze unda gadavitanoT (nax.

26(a)). induqciis daSvebis Tanaxmad es procedura scorad Sesruldeba (aq gasaTvaliscinebelia,
romX1 Zelze yvelaze didi rgoli rCeba, romelzec yvela danarCeni rgolis dadeba SeiZleba, rac
amocanis SeZRudvas ar arRvevs. Semdeg X1 Zelze darCenil did rgols gadavitanT X3 Zelze (nax.
26(b)), ris Semdegac HX3,X2

n algoriTmiT n rgols gadavitanT X3 Zelidan X2 Zelze (nax. 26(g)). aqac
unda gaviTvaliscinoT, rom, induqciis daSvebis Tanaxmad, HX3,X2

n algoriTmi yvela wesis dacviT
moqmedebs da X2 Zelze yvelaze didi rgoli devs, romelzedac nebismieri sxva rgolis dadeba
SeiZleba. Sedegad miviRebT n+ 1 rgols mesame Zelze (nax. 26(d))

imisaTvis, rom davadginoT, Tu ramden bijs andomebs es algoriTmi, ganvixiloT misi rekursiuli Canaw-
eri:

HX1,X2
n = HX1,X3

n−1 , HX1,X2
1 , HX3,X2

n−1 .

advili saCvenebelia, rom
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nax. 26: n+ 1 rgoliani piramidis gadatanisaTvis saWiro operaciebi

T (HX1,X2
n ) = T (HX1,X3

n−1 ) + T (HX1,X2
1 ) + T (HX3,X2

n−1 ).

savarjiSo 3.9: ras aRniSnavs T (HA,C
n+3)), T (HC,B

3 )), T (HA,C
7 ))?

savarjiSo 3.10: risi tolia T (HA,C
1 ) da T (HA,C

2 )?

savarjiSo 3.11: daamtkiceT, rom T (HA,C
1 ) = T (HB,C

1 ) da zogadad: T (HX1,X2
n ) = T (HY1,Y2

n ) ∀X1, X2, Y1, Y2 ∈
{A,B,C} da X1 6= X2, Y1 6= Y2 (ar aqvs mniSvneloba, romeli Zelidan romelze gadavawyobT piramidas -
bijebis raodenoba ucvlelia).

radgan HX1,X2
n = HX1,X3

n−1 , HX1,X2
1 , HX3,X2

n−1 , jer unda Sesruldes HX1,X3
n−1 , Semdeg HX1,X2

1 da bolos HX3,X2
n−1 .

aqedan gamomdinare,

T (HX1,X2
n ) = T (HX1,X3

n−1 ) + T (HX1,X2
1 ) + T (HX3,X2

n−1 ) = 2 · T (HX1,X2
n−1 ) + 1

(ix. wina savarjiSoebi).

savarjiSo 3.12: maTematikuri induqciis gamoyenebiT daamtkiceT:

T (HX1,X2
n ) = 2n − 1.

3.3 fibonaCis mimdevroba

cnobilma italielma mecnierma leonardo da pizam (Leonardo da Pisa), romelic meTormete saukunis
bolosa da mecamete saukunis dasawyisSi cxovrobda da ufro fibonaCis saxeliTaa cnobili (Fibonacci),
Semdegi amocanis gadaWra gadawyvita:

glexi zrdis kurdRlebs. yoveli kurdReli badebs erT kurdgels, rodesac ori Tvis gaxdeba da Semdeg
TiTo kurdRels yovelTviurad. ramdeni dedali kurdReli eyoleba glexs n TveSi, Tu CavTvliT, rom
kurdRlebi ar kvdebian?

Tu n mcirea, raodenobis gamoTvla araa rTuli: pirvel da meore TveSi mas 1 kurdReli hyavs, radgan
kurdReli mxolod ori Tvis Semdeg iZleva STamomavlobas. mesame Tves mas 2 kurdReli eyoleba, xolo
meoTxeSi ki 3, radgan pirvelma kurdRelma misca kidev 1 da meore jer ori Tvis araa. amis Semdeg misi
pirveli da meore kurdReli orive STamomavlobas iZleva, ase rom, mexuTe TveSi mas 5 kurdReli eyo-
leba. zogadad, me-n-e TveSi axlad Semomatebul kurdRelTa ricxvi tolia im kurdRelTa ricxvisa,
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romlebic sul cota 2 Tvis arian. ase rom, Tu me-n-e TveSi kurdRelTa raodenobas aRvniSnavT rogorc
Fn, miviRebT:

Fn = Fn−1 + Fn−2

(am tolobas fibonaCis pirobasac uwodeben).

Cven viciT agreTve, rom F1 = 1, F2 = 1, F3 = 3, F4 = 5. teqnikuri mizezebiT gansazRvraven agreTve F0 = 0,
rac Semdegnairad gansazRvravs e.w. fibonaCis mimdevrobas:

F0 = 0; F1 = 1; Fn = Fn−1 + Fn−2,

sadac n > 1. am rekursiuli formuliT gamoTvlili ramodenime ricxvia:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765, 10946, 17711, 28657, 46368, . . .

aseTi saxiT miRebul ricxvebs fibonaCis ricxvebs uwodeben, xolo am mimdevrobas -- fibonaCis mimde-
vrobas. amas garda, Fn da Fn+1 mezobeli ricxvebia.

aRsaniSnavia, rom es mimdevroba antikuri xanis saberZneTsa da Sua saukuneebis indoeTSic iyo cnobili.
zogjer mis nulovan wevrs F0 = 0 ar ganixilaven xolme da mis pirvel or wevrad F1 da F2 iReben.
rogorc amoCnda, zemoT moyvanili formula kurdRelTa raodenobas arasworad iTvlis, magram samagi-
erod fibonaCis ricxvebi Zalian xSirad gvxvdeba bunebaSi da mecnierebaSic did rols TamaSoben. TviT
es mimdevrobac bevr saintereso Tvisebas avlens.
ase, magaliTad, mzesumziras nayofSi Tesli ganTavsebulia momrgvalebul wirebze, romelTa sqemac
qveda naxatSia moyvanili (nax. 27).

nax. 27: mzesumziras nayofSi Teslis ganTavseba

am naxazebidan Cans, rom Tesli ori sapirispirod mimarTuli figuris msgavsadaa ganlagebuli, sadac
wirebis raodenobebia 55 da 34, rac ori mezobeli fibonaCis ricxvia.
amas garda, xeebSi totebis ganStoebisa an yvavilebis furclebis ricxvi ZiriTadad fibonaCis mimde-
vrobis erT-erTi wevris tolia xolme (mravlad moiZebneba yvavili an mcenare 3, 5, 8, 13 furcliT, magram
gamonaklisia 4, 6, 7 an 9 furcliani mcenare).

damtkicebulia, rom nebismieri naturaluri ricxvi calsaxad Caiwereba iseTi fibonaCis ricxvebis
jamis saxiT, rom am ricxvebs Soris ar Segvxvdeba mezobeli fibonaCis ricxvebi.
magaliTad, n = 67 Semdegnairad warmodgeba: 67 = 1 + 3 + 8 + 55 da es warmodgena erTad-erTia (marTalia,
67 = 1 + 3 + 8 + 21 + 34, magram aq 21 da 34 mezobeli ricxvebia fibonaCis mimdevrobaSi, rac pirobas
ewinaaRmdegeba).
aseTi calsaxa jami warmoSobs fibonaCis ricxvebis mimdevrobas, anu kods, romelic calsaxad gan-
sazRvravs am ricxvs da kodirebis Teoriasa da praqtikaSi gamoiyeneba.
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fibonaCis mimdevrobis gamoyenebiT gadaWrili iqna meoce saukunis dasawyisSi udidesi germaneli maTe-
matikosis daviT hilbertis mier dasmuli erT-erTi umniSvnelovanesi amocana.

sainteresoa am ricxvebis gamoyeneba kombinatorikaSi.
ganvixiloT Semdegi amocana: mocemulia n safexuriani kibe. Tu Cven kibis avla SegviZlia ise, rom TiTo
nabijSi erT an or safexurs avdivarT, kibis avlis ramdeni sxvadasxva varianti arsebobs ?
cxadia, Tu n = 1, Cven kibis avlis erTad-erTi saSualeba gveqneba. Tu n = 2, maSin gveqneba ori SesaZle-
bloba: an TiTo-TiTo kibis avlis, an erT jerze oris. n = 3 SemxvevaSi gveqneba 3 SesaZlebloba: 1+1+1
an 1+2 an 2+1. n = 4: 1+1+1+1 an 1+1+2 an 1+2+1 an 2+1+1 an 2+2, sul 5 SesaZlebloba.
Tu Gn aRniSnavs n safexuriani kibis zemoT moyvanili pirobiT avlis variantebis raodenobas, maSin
SeiZleba Gn+1 ricxvis gamoTvla Semdegi analizis safuZvelze: Tu mocemulia n + 1 safexuriani kibe,
Cven SegviZlia jer aviaroT erTi safexuri da mere n safexuri Gn sxvadasxva meTodiT, an jer aviaroT
2 safexuri da Semdeg n− 1 safexuri Gn−1 sxvadasxva meTodiT. aqedan gamomdinare, viRebT formulas

Gn+1 = Gn +Gn−1,

rac fibonaCis mimdevrobis ganmsazRvreli rekursiuli formulaa. gansxvaveba mxolod isaa, rom am
mimdevrobebis pirveli da meore elementi fibonaCis mimdevrobis meore da mesame elementebis tolia.
aqedan gamomdinare viRebT:

Gn = Fn+1.

meore amocanad SeiZleba Wadrakis dafis dominos qvebiT gadafarvis amocana moviyvanoT:
mocemulia Wadrakis dafis fragmenti zomiT 2 × n da n cali dominos qva, romelTa Soris TiTo 2
kvadrats faravs. ramdeni sxvadasxva meTodiT SeiZleba n qviT 2 × n zomis fragmentis dafarva? qveda
naxatSi moyvanilia amonaxsnebi 2× 3, 2× 4 da 2× 5 zomisaTvis.

nax. 28: Wadrakis dafis fragmentis gadafarva

savarjiSo 3.13: davuSvaT, 2 × n fragmentis gadafarva Pn cali sxvadasxva meTodiT SeiZleba (zemoT
moyvanili naxatidan Cans, rom P3 = 3, P4 = 5 da P5 = 8). ra saxis rekursiuli formuliT aRiwereba Pn?
ra kavSirSia es mimdevroba fibonaCis ricxvebTan?

aqve SegviZlia CamovTvaloT fibonaCis mimdevrobis ramodenime Tviseba:

• F1 + F2 + · · ·+ Fn = Fn+2 − 1;

• F3n luwia;
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• F5n iyofa 5-ze;

• F1 + F3 + F5 + · · ·+ F2n−1 = F2n;

• F0 − F1 + F2 − F3 + · · · − F2n−1 + F2n = F2n−1 − 1;

• F 2
1 + F 2

2 + · · ·+ F 2
n = Fn · Fn+1;

• Fn−1 · Fn+1 − F 2
n = (−1)n;

savarjiSo 3.14: maTematikur induqciaze dayrdnobiT daamtkiceT zemoT moyvanili tolobebi.

ufro rTulad dasamtkicebeli faqtebia:

• Tu n > 4 da Fn martivia, maSin n martivia (Sebrunebuli gamonaTqvami ar aris WeSmariti: ∃p martivi
ricxvi iseTi, rom Fp araa martivi);

• Tu n,m ∈ N da gcd(m,n) am ori ricxvis udides saerTo gamyofs aRniSnavs, maSin
gcd(Fm, Fn) = Fgcd(m,n)

• Fn+m = Fn−1Fm + FnFm+1;

• F(k+1)n = Fn−1Fkn + FnFkn+1;

• Fn = FlFn−l+1 + Fl−1Fn−1;

• Fn = F 2
(n+1)/2 + F 2

(n−1)/2, Tu n kentia;

• Fn = F 2
n/2+1 + F 2

n/2−1, Tu n luwia;

Ria sakiTxi: Segvxvdeba Tu ara fibonaCis mimdevrobaSi usasrulod bevri martivi ricxvi?

savarjiSo 3.15: risi tolia gcd(46368, 21) ?

savarjiSo 3.16: dawereT algoriTmi, romelic mocemuli ricxvisaTvis gaarkvevs, aris Tu ara igi fi-
bonaCis ricxvi.

bunebrivad ismis Semdegi sakiTxi: ramden bijSi SeiZleba gamoviTvaloT Fn zemoT moyvanili rekursi-
uli formulis meSveobiT?

savarjiSo 3.17: gamoiTvaleT T (Fn) (zemoT moyvanili Fn ricxvis gamoTvlisaTvis saWiro bijebis rao-
denoba).

cxadia, rom ufro mosaxerxebeli iqneboda fibonaCis ricxvebis ararekursiuli formuliT gamoan-
gariSeba. maSin mis gamoTvlas arc Tu iseT did dros movandomebdiT. da marTlac, aseTi warmodgena
arsebobs:

Fn =
1√
5
·

((
1 +
√

5
2

)n
−

(
1−
√

5
2

)n)
.

savarjiSo 3.18: maTematikuri induqciis gamoyenebiT daamtkiceT am formulis siswore.

savsebiT logikuria Semdegi Sekitxva: rogor SeiZleba am formulis gamoyvana? ra gziT miagno vinmem
aseT rTul formulas?
pirvel rigSi saWiroa mimdevrobis ricxvebis dakvirveba. erTi SexedviT, Fn = Fn−1 +Fn−2 kanonzomiere-
bis garda aq araferi Cans:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765, 10946, 17711, 28657, 46368, . . .
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magram Tu mezobel ricxvebs erTmaneTs SevufardebT, SeiZleba damatebiTi kanonzomiereba davinaxoT:

Tn = Fn

Fn−1
(n > 1):

T2 = 1
1 = 1; T3 = 2

1 = 2; T4 = 3
2 = 1, 5; T5 = 5

3 ≈ 2, 666667;

T6 = 8
5 = 1, 6; T7 = 13

8 = 1, 625; T8 = 21
13 ≈ 1, 615; T9 = 34

21 ≈ 1, 619;

T10 = 55
34 ≈ 1, 6176; T11 = 89

55 ≈ 1, 618; T12 = 144
89 ≈ 1, 61798; T13 = 233

144 ≈ 1, 61805;

T14 = 377
233 ≈ 1, 618026; T15 = 610

377 ≈ 1, 618037; T16 = 987
610 ≈ 1, 618033; T17 = 1597

987 ≈ 1, 618034;

T18 = 2584
1597 ≈ 1, 618034; T19 = 4181

2584 ≈ 1, 618034; T20 = 6765
4181 ≈ 1, 1, 6180339887; T21 = 10946

6765 ≈ 1, 1, 6180339887;

T22 = 17711
10946 ≈ 1, 6180339887; T23 = 28657

17711 ≈ 1, 6180339887; T24 = 46368
28657 ≈ 1, 6180339887...

am ricxvebs rom davakvirdeT, SevamCnevT, rom Tn, anu fibonaCis mezobeli ricxvebis erTmaneTTan Se-
fardeba, erTi ricvisken miiswrafvis. marTlac, damtkicebulia, rom

lim
n→∞

Fn
Fn−1

= Φ ≈ 1, 6180339887.

aq Φ = 1+
√

5
2 e.w. oqros kveTaa.

Cvens SemTxvevaSi es imas niSnavs, rom dawyebuli raRaca adgilidan, fibonaCis mimdevroba geometriuli
progresiis Tvisebebs avlens. aqedan gamomdinare, SegviZlia vivaraudoT, rom arsebobs iseTi mimdev-
roba

Gn = c · qn,

romelic emTxveva fibonaCis mimdevrobas (dawyebuli raime adgilidan mainc) raRaca c, q ∈ N ricxve-
bisaTvis. magram rogor unda SevarCioT c da q?

ra Tqma unda, TviT (Gn)∞n=1 mimdevrobac unda akmayofilebdes fibonaCis mimdevrobis Tvisebas:

Gn = Gn−1 +Gn−2.

aqedan gamomdinare,

c · qn = c · qn−1 + c · qn−2

da, Sesabamisad, Tu tolobis orive mxares gavyofT c · qn−2 sidideze, miviRebT Semdeg gantolebas, rom-
liTac q parametris dadgenas SevZlebT:

q2 = q + 1.

am kvadratuli gantolebis amonaxsnebia

q1 =
1 +
√

5
2

da q2 =
1−
√

5
2

.

aqedan gamomdinare, viRebT or mimdevrobas

G′n = c ·

(
1 +
√

5
2

)n
da G′′n = c ·

(
1−
√

5
2

)n
,

sadac orive fibonaCis pirobas akmayofilebs.
darCa mxolod am ori mimdevrobidan erT-erTisa an maTi kombinaciis amorCeva da c parametris dadgena
ise, rom miRebuli mimdevroba fibonaCis (Fn)∞n=1 mimdevrobas daemTxvas.
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ganvixiloT mimdevroba G′n. Tu n = 1, viRebT: G′1 = c · 1+
√

5
2 da, aqedan gamomdinare, radgan Cven gvinda,

rom G′n = Fn = 1, viRebT:

c · 1 +
√

5
2

= 1.

ese igi, c = 2
1+
√

5
. magram am SemTxvevaSi G′2 = 2

1+
√

5
·
(

1+
√

5
2

)2

6= F2 = 1. ase rom, (G′n)∞n=1 mimdevroba calke

aRebuli fibonaCis mimdevrobas ver daemTxveva.

savarjiSo 3.19: analogiuri msjelobiT aCveneT, rom arc mimdevroba (G′′n)∞n=1 daemTxveva fibonaCis mimde-
vrobas.

axla ganvixiloT mimdevroba

Hn = G′n −G′′n = c ·

((
1 +
√

5
2

)n
−

(
1−
√

5
2

)n)
.

savarjiSo 3.20: daamtkiceT, rom zemoT moyvanili mimdevroba (Hn)∞n=1 fibonaCis pirobas akmayofilebs.

savarjiSo 3.21: ganixileT mimdevroba H ′n = G′n +G′′n. akmayofilebs Tu ara igi fibonaCis pirobas?

cxadia, H0 = 0 da amiT am mimdevrobis nulovani wevri fibonaCis mimdevrobis nulovan wevrs emTxveva.
axla ki ganvixiloT H1:

H1 = c ·

((
1 +
√

5
2

)
−

(
1−
√

5
2

))
.

radgan Cven gvinda, rom es wevri fibonaCis mimdevrobis pirvel wevrs daemtxvas, viRebT gantolebas:

H1 = c ·

((
1 +
√

5
2

)
−

(
1−
√

5
2

))
= 1.

c cvladis mimarT am gantolebis amoxsnis Semdeg viRebT: q = 1√
5
. aqedan gamomdinare,

H1 =
1√
5
·

((
1 +
√

5
2

)
−

(
1−
√

5
2

))
.

radgan mimdevroba (Hn)∞n=1 akmayofilebs fibonaCis pirobas da misi pirveli ori wevri fibonaCis mimde-
vrobis pirveli ori wevris tolia, es ori mimdevroba mTlianad daemTxveva erTmaneTs:

Hn =
1√
5
·

((
1 +
√

5
2

)n
−

(
1−
√

5
2

)n)
.

r. d. g.
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