
2.3 Zveli berZnuli amocanebi

antikur saberZneTSi dasves e.w. YfargliTa da saxazaviT agebisA geometriuli amocanebi. aRsaniSnavia,
rom ramodenime amocana 2000 welze met xans amouxsneli rCeboda, sanam XIX saukuneSi maTematikurad
ar damtkicda, rom maTi algoriTmuli gadaWra SeuZlebelia. es, albaT, yvelaze Zveli amocanebia,
romelTac algoriTmuli amoxsna ar aqvT.

mocemulia: fargali, saxazavi da ori wertili sibrtyeze; raime geometriuli figura;

raime namdvili ricxvi ξ.

SezRudva: saxazaviT SeiZleba mocemul or wertilze A da B wrfis gavleba. Tu mocemulia nebismieri

ori wertili A, B da nebismieri mesame wertili O, fargliT SeiZleba O wertilidan |A,B| sigrZis
radiusis mqone wrewiris Semovleba (nax. 18).

nax. 18: saxazaviT (marcxniv), fargliT (SuaSi) da wertilebze agebuli figurebi

Tu mocemulia ukve agebul wertilTa raime simravle S = {A1, A2, ..., An}, am simravlis ramodenime
wertilze gavlebul Sekrul texils fargliTa da saxazaviT agebuli figura ewodeba.

axali An+1 wertili iTvleba fargliTa da saxazaviT agebuld, Tu:

• ∃ Ai, Aj , Ak, Al ∈ S da An+1 aris Ai, Aj wertilebze gavlebuli wrfisa da Ak, Al wertilebze gavle-
buli wrfis gadakveTis wertili (nax. 19 marcxniv);

• ∃ Ai, Aj , Ak, Al, O ∈ S da An+1 aris Ai, Aj wertilebze gavlebuli wrfisa da O wertilze |Ak, Al|
sigrZis radiusis mqone wrewiris gadakveTis wertili (nax. 19 SuaSi);

• ∃ Ai, Aj , Ak, Al, O1, O2 ∈ S da An+1 aris O1 wertilze |Ak, Al| sigrZis radiusis mqone wrewirisa da O2

wertilze |Ai, Aj | sigrZis radiusis mqone wrewiris gadakveTis wertili (nax. 19 marjvniv).

SeniSvna: Ai, Aj , Ak, Al, O1, O2 ∈ S wertilTa Soris ramodenime SeiZleba erTmaneTs emTxveodes.

nax. 19: fargliTa da saxazaviT axali wertilebis agebis SesaZleblobebi

raime geometriuli figura iTvleba agebulad, Tu fargliTa da saxazaviT zemoT aRwerili wesebis
dacviT aigeba iseTi simravle S , rom masSi moiZebnos iseTi wertilebi, romelTa texilebiT SeerTeba
am saZiebel figuras mogvcems.
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raime ricxvi ξ iTvleba agebulad, Tu fargliTa da saxazaviT zemoT aRwerili wesebis dacviT aigeba
iseTi simravle S , rom masSi moiZebnos ori wertili, romelTa Soris manZilia ξ.

Sedegi: mocemuli geometriuli figurisTvisa an ricxvisTvis daadgineT, SeiZleba Tu ara maTi far-
gliTa da saxazaviT ageba.

dasawyisisaTvis mocemulia ori wertili A da B, romelTa Soris manZili erTis toladaa miCneuli:
|A,B| = 1. sxva sityvebiT rom vTqvaT, agebulia ricxvi 1. imisaTvis, rom avagoT ricxvi 2 (anu farglisa da
saxazavis meSveobiT avagoT iseTi wertilebi, romelTa Soris manZili oris tolia), Semdegi algoriTmi
unda gamoviyenoT:

mocemulia: ori wertili A da B.

1. A da B wertilebze gaavle wrfe;

2. fargliT Semoxaze wrewiri centriT B wertilSi da radiusiT 1;

es wrewiri AB wrfes gadakveTs or wertilSi: D ( wertilidan marcxniv) da axal C wertilSi, B
wertilidan marjvniv.

3. pasuxad gamoitane ori wertili: A da C .

nax. 20: |A,B|+ 1 sigrZis monakveTis ageba

es algoriTmi aRvniSnoT rogorc N . Tu misi monacemebia A da B wertilebi, N(A,B) = (A,C). advili
saCvenebelia, rom |A,C| = |A,B|+ 1.
ese igi, Tu mocemulia ori wertili A da B, romelTa Soris manZilia 1, SeiZleba n ∈ N ricxvis ageba

Semdegi rekursiuli algoriTmiT:

• P1 = (A,B);

• Pn = N(Pn−1).

savarjiSo 2.1: mocemulia oTxi wertili A,B,C,D. ra algoriTmiT SeiZleba |A,B|+ |C,D| sigrZis mon-
akveTis ageba? gamoiTvaleT am algoriTmis bijebis raodenoba da daamtkiceT misi siswore.

savarjiSo 2.2: mocemulia ori wertili A,B, sadac |A,B| > 1. SeadgineT algoriTmi, romelic |A,B| − 1
sigrZis monakveTs aagebs. gamoiTvaleT am algoriTmis bijebis raodenoba da daamtkiceT misi siswore.

Tu mocemulia ori wertili A da B, advilad SeiZleba [A,B] monakveTis Sua perpendikularuli wrfis
ageba, anu iseTi ori wertilis ageba, romlebze gamavali wrfec am monakveTis perpendikularulia da mis
Sua wertilze gadis (cxadia, rom igive algoriTmiT SeiZleba amave monakveTis Sua wertilis dadgena):

mocemulia: ori wertili A da B (nax. 21 (a) ).

• A wertilze Semoavle |A,B| radiusis wrewiri;

• B wertilze Semoavle |A,B| radiusis wrewiri (nax. 21 (b) )

Sedegi: am ori wrewiris gadakveTis wertilebi C da D.
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• SeaerTe C da D wertilebi wrfiT (nax. 21 (g) ).

Sedegi: am wrfisa da A,B monakveTis gadakveTis wertili K .

• gamoitane pasuxi: ori wertili C da K (nax. 21 (d) ).

cxadia, rom C da K wertilebze gavlebuli wrfe [A,B] monakveTis Sua perpendikularulia.

nax. 21: [A,B] monakveTis Sua perpendikularulis ageba

es algoriTmi aRvniSnoT rogorc P (A,B). amrigad, P (A,B) = (C,K), sadac K [A,B] monakveTis Sua
wertilia.

Tu mocemulia ori wertili A da B da erTi wertili C , romelic ar mdebareobs (A,B) wrfeze, maSin
SeiZleba C wertilidan (A,B) wrfeze perpendikularuli wrfis daSveba, anu iseTi D wertilis ageba
(A,B) wrfeze, rom (C,D) wrfe (A,B) wrfis perpendikularuli iyos:

mocemulia: ori wertili A da B da erTi wertili C , romelic ar devs (A,B) wrfeze (nax. 22 (a) ).

• C wertilze Semoavle |A,C| radiusis wrewiri (nax. 22 (b) );

Sedegi: am wrewirisa da (A,B) wrfis gadakveTis meore wertili L.

• Caatare algoriTmi P (A,L).

Sedegi: ori wertili K da T , romelTagan T devs (A,B) wrfeze (nax. 22 (g) ).

• gamoitane pasuxi: ori wertili C da T (nax. 22 (d) ).

savarjiSo 2.3: zemoT moyvanil algoriTmSi A da L wertilebze unda CavataroT P (A,L) algoriTmi.
dawvrilebiT aRwereT naxazebiT es procesi, romlis Sedegadac miiReba K da T wertilebi.

savarjiSo 2.4: ra moxdeba, Tu C wertilSi |A,C| radiusiT gavlebuli wrewiri (A,B) wrfes mxolod
erT wertilSi gadakveTs da meore L wertili ar miiReba?

savarjiSo 2.5: zemoT moyvanil algoriTmSi, P (A,L) algoriTmis Sesrulebis Semdeg, ratom miiReba ori
damatebiTi wertili K da T ?

savarjiSo 2.6: daamtkiceT, rom (C, T ) wrfe (A,B) wrfis perpendikularulia.
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nax. 22: wertilidan wrfeze perpendikularulis daSvebis procesi

savarjiSo 2.7: mocemulia erT wrfeze myofi sami wertili A, B da maT Soris mdebare C . ra algoriTmiT

SeiZleba C wertilidan (A,B) wrfis perpendikularuli wrfis ageba?

savarjiSo 2.8: mocemulia ori wertili A da B da erTi wertili C , romelic ar devs (A,B) wrfeze.

ra algoriTmiT SeiZleba C wertilidan (A,B) wrfis paraleluri wrfis ageba (anu iseTi D wertilis
ageba, rom (C,D) wrfe (A,B) wrfis paraleluri iyos)?

Tu agebulia ori ricxvi a1, a2 ∈ N, anu A1, A2, A3, A4 iseTi, rom |A1, A2| = a1 da |A3, A4| = a2, maSin
SeiZleba iseTi ori B1, B2 wertilis ageba fargliTa da saxazaviT, rom |B1, B2| = a1 · a2:

mocemulia: oTxi wertili A1, A2, A3, A4, sadac |A1, A2| = a1 da |A3, A4| = a2.

• A1 wertilze gaavle (A1, A2) wrfis perpendikularuli wrfe (nax. 23 (a) ) ;

• am wrfeze A1 wertilidan gadazome erTis toli monakveTi;

Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili E, sadac |A1, E| = 1 (nax. 23 (b) ).

• igive wrfeze A1 wertilidan gadazome |A3, A4| sigrZis monakveTi;

Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili F , sadac |A1, F | = |A3, A4| (nax. 23
(b) ).

• E da A2 wertilebze gaavle wrfe;

• F wertilidan gaavle |E,A2| wrfis paraleluri wrfe;

Sedegi: am wrfisa da (A1, A2) wrfis gadakveTis wertili K (nax. 23 (g) ).

• gamoitane pasuxi: ori wertili A1 da K (nax. 23 (d) ).

savarjiSo 2.9: samkuTxedebis msgavsebiT daamtkiceT, rom |A1,K| = a1 · a2.

savarjiSo 2.10: daamtkiceT, rom Tu a2 < 1, algoriTmi mainc sworad muSaobs.
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nax. 23: |A1, A2| · |A1, F | sigrZis monakveTis agebis procesi

analogiurad SeiZleba a1
a2

sigrZis monakveTis ageba, Tu mocemulia oTxi wertili A1, A2, A3, A4, sadac
|A1, A2| = a1 da |A3, A4| = a2.

mocemulia: oTxi wertili A1, A2, A3, A4, sadac |A1, A2| = a1 da |A3, A4| = a2.

• A1 wertilze gaavle (A1, A2) wrfis perpendikularuli wrfe (nax. 24 (a) );

• am wrfeze A1 wertilidan gadazome erTis toli monakveTi;

Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili E, sadac |A1, E| = 1 (nax. 24 (b) ) .

• igive wrfeze A1 wertilidan gadazome |A3, A4| sigrZis monakveTi;

Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili F , sadac |A1, F | = |A3, A4| (nax. 24
(b) ).

• F da A2 wertilebze gaavle wrfe;

• E wertilidan gaavle |F,A2| wrfis paraleluri wrfe;

Sedegi: am wrfisa da (A1, A2) wrfis gadakveTis wertili K (nax. 24 (g) ).

• gamoitane pasuxi: ori wertili A1 da K (nax. 24 (d) ).

savarjiSo 2.11: samkuTxedebis msgavsebiT daamtkiceT, rom |A1,K| = a1
a2
.

amrigad Cven gvaqvs nebismieri racionaluri ricxvis agebis meTodi, anu fargliTa da saxazaviT
mTlianad SeiZleba aigos nebismieri racionalur ricxvi a ∈ Q.

bunebrivia Semdegi SekiTxva: SeiZleba Tu ara iracionaluri ricxvebis ageba fargliTa da saxazaviT?

pirveli aseTi ricxvi aris
√

2, romelic piTagoras Teoremaze dayrdnobiT aigeba:

mocemulia: ori wertili A1, A2.
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nax. 24: |A1,A2|
|A1,F | sigrZis monakveTis agebis procesi

• A1 wertilze gaavle (A1, A2) wrfis perpendikularuli wrfe;

• am wrfeze A1 wertilidan gadazome erTis toli monakveTi;

Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili E, sadac |A1, E| = 1.

• gamoitane pasuxi: ori wertili A2 da E.

savarjiSo 2.12: daxazeT zemoT moyvanili algoriTmis diagramebi ise, rogorc es wina algoriTmebisTvis
iyo naCvenebi.

savarjiSo 2.13: daamtkiceT, rom |A2, E| =
√

2, Tu |A1, A2| = 1.

am algoriTms vuwodoT S. ese igi, Tu mocemulia ori wertili A,B ise, rom |A,B| =
√
a, maSin S(A,B) =

(B,C), sadac |B,C| =
√
a+ 1.

aqedan gamomdinareobs, rom Semdegi rekursiuli algoriTmi H(n) or wertils gvaZlevs, romelTa
Soris manZilia

√
n:

algoriTmi H(n):

• Tu n = 1, gamoitane ori wertili A,B, sadac |A,B| = 1 da algoriTmi daamTavre;

• Tu n > 1:

gauSvi algoriTmi S(H(n− 1)).

savarjiSo 2.14: zemoT moyvanili algoriTmebis safuZvelze SeadgineT algoriTmi, romelic fesvs nebis-
mieri racionaluri ricxvidan gamoiangariSebs.

axla ki ganvixiloT Semdegi algoriTmi:

mocemulia: ori wertili A1, A2, sadac |A1, A2| = ξ (nax. 25 (a) ).

• A1 wertilis marcxniv (A1, A2) wrfeze gadazome erTis toli monakveTi da miRebuli wertili iyos
B, anu |B,A1| = 1 (nax. 25 (b) );
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• Semoavle wrewiri diametriT [B,A2] (nax. 25 (g) );

• A1 wertilidan aRmarTe (A1, A2) wrfis perpendikularuli wrfe (nax. 25 (d) );

Sedegi: am wrfisa da wrewiris gadakveTis wertili P (nax. 25 (d) ).

• gamoitane pasuxi: ori wertili A1 da P .

nax. 25:
√
|A1, A2| sigrZis monakveTis agebis procesi

savarjiSo 2.15: samkuTxedebis msgavsebiT daamtkiceT, rom |A1, P | =
√
|A1, A2| =

√
ξ.

savarjiSo 2.16: mocemulia ori wertili A da B. ra algoriTmiT SeiZleba wrewiris Semovleba, romlis

diametria [A,B]?

savarjiSo 2.17: mocemulia sami wertili O, A da B. O wertilidan gamodis ori sxivi [O,A[ da [O,B[, ro-
melic O wertilSi qmnis kuTxes α. dawereT algoriTmi, romelic O, A da B monacemze pasuxad mogvcems
sam wertils O, A da C ise, rom ∠ AOC = α

2 .

antikuri amocanebi:

• wris kvadratura: mocemulia O wertili da mis garSemo Semovlebuli wrewiri radiusiT 1. am wris
farTobia π. SeiZleba Tu ara igive farTobis kvadratis ageba mxolod farglisa da saxazavis
gamoyenebiT?

• mesame xarisxis fesvi: mocemulia ori wertili, romelTa Soris manZilia a. SeiZleba Tu ara mx-
olod fargliTa da saxazaviT iseTi ori wertilis ageba, romelTa Soris manZilia 3

√
a ?

• sammagi biseqtrisa: mocemulia sami wertili O, A da B. O wertilidan gamodis ori sxivi [O,A[
da [O,B[, romelic O wertilSi qmnis kuTxes α. SeiZleba Tu ara mxolod farglisa da saxazavis
gamoyenebiT avagoT iseTi wertili C , rom ∠ AOC = α

3 ?

• wesieri mravalkuTxedebi: ramdenkuTxa wesieri mravalkuTxedis ageba SeiZleba mxolod farglisa
da saxazavis gamoyenebiT? (amozneqil mravalkuTxeds ewodeba wesieri, Tu misi yvela gverdi erT-
maneTis tolia.)

rogorc aRmoCnda, pirveli sami amocana amouxsnadia: ar arsebobs iseTi algoriTmi, romelic mxolod
farglisa da saxazavis meSveobiT aagebs or wertils, romelTa Soris manZilia π; an iseTi algoriTmi,
romelic nebismieri a ricxvidan mesame xarisxis fesvs amoiRebs an iseTi algoriTmi, romelic nebis-
mier kuTxes samad gayofs (ise, rogorc is algoriTmi, romelic nebismieri ricxvidan kvadratul fesvs
amoiRebs an nebismier kuTxes orad gahyofs).
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amis damtkicebis idea Semdegia:

axali wertilis ageba SeiZleba mxolod rogorc ukve agebul wertilebze gavlebuli ori wrfis,
ori wrewirisa an erTi wrewirisa da erTi wrfis gadakveTis wertilisa. Tu avagebT ori geometriuli
figuris gadakveTis wertils, maSin misi daSoreba koordinatTa saTavidan gamoiTvleba Semdegi poli-
nomiuri gantolebis amonaxsniT: a2n

x +a2n−1x
2n−1 + · · ·+a1x+a0 = 0, sadac n raRaca naturaluri ricxvia.

radgan 3
√
a ar aris aseTi saxis polinomis (anu oris xarisxis rigis polinomis) amonaxsni, amitom am

ricxvis fargliTa da saxazaviT ageba SeuZlebelia.
rogorc XIX saukuneSi germanelma maTematikosma lindemanma daamtkica, π transcendentuli ricxvia,

anu igi ar aris aranairi polinomiuri gantolebis amonaxsni da miT umetes ver iqneba oris xarisxis
rigis gantolebis amonaxsni, riTac mtkicdeba, rom fargliTa da saxazaviT π ricxvis ageba SeuZlebe-
lia.

magram arsebobs formula, romelic gveubneba, Tu ramden kuTxa wesieri mravalkuTxedis ageba Sei-
Zleba mxolod farglisa da saxazavis gamoyenebiT: n kuTxa wesieri mravalkuTxedis ageba SeiZleba
maSin da mxolod maSin, Tu ∃m, q1, ..., ql ∈ N0 ise, rom n = 2m · (22q1 + 1) · (22q2 + 1) · · · (22ql + 1).
am formulidan gamomdinare SeiZleba wesieri xuTkuTxedis, cxrametkuTxedisa da 65537 kuTxedis

ageba, magram ar SeiZleba wesieri 7-kuTxedis ageba.

savarjiSo 2.18: SeadgineT algoriTmi, romlis meSveobiTac SeiZleba wesieri eqvskuTxedis ageba.

savarjiSo 2.19: SeadgineT algoriTmi, romlis meSveobiTac SeiZleba wesieri rvakuTxedis ageba.

savarjiSo 2.20: SeadgineT algoriTmi, romlis meSveobiTac SeiZleba wesieri xuTkuTxedis ageba.

SeniSvna: zemoT moyvanili amocanebisaTvis ar arsebobs algoriTmi, romelic mxolod fargliTa da
saxazaviT agvagebinebda saWiro wertilebsa da figurebs. es ki imas ar niSnavs, rom ar arsebobs sxva
raime meTodi (Tu ar SevizRudebiT mxolod fargliTa da saxazaviT), riTac am amocanebs gadavWriT.

Ria amocana: wesieri mravalkuTxedis zemoT moyvanil formulaSi 22q

+ 1 e.w. fermas martivi ricxvia.
did xans egonaT, rom es formula mxolod martiv ricxvebs iZleoda, magram aRmoCnda, rom es ase araa.
ufro metic: es formula ZiriTadad Sedgenil ricxvebs iZleva. magram mniSvnelovania Semdegi sakiTxi:
sasrulia Tu ara fermas martiv ricxvTa simravle? an, sxva sityvebiT rom vTqvaT, Segvxvdeba Tu ara
mimdevrobaSi (22q

+ 1)∞q=0 usasrulod bevri martivi ricxvi? am SekiTxvaze pasuxi jer-jerobiT ucnobia.
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